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1 Introduction 

This article is a continuation of the work started in [Tl|. Let M be a connected, 
compact, orientable, 3-manifold such that dM is a torus. We assume that the 
first Betti number [3\(M) is one, i.e. M is a rational homology circle. In 
particular, M is the exterior of a knot in a rational homology sphere. 

Given a homomorphism a: it\(M) — » C*, we define an abelian representation 
p a : vri(M) -» PSL 2 (C) as follows: 

Pafr) = ± I" " (7) J, J V 7 G7T 1 (M) (1) 

\ " 2 (7)/ 

where a a : 7Ti(M) — > C* is a map (not necessarily a homomorphism) such that 
(aa(7)) 2 = 0(7) for all 7 G tti(M). The representation p a is reducible, i.e. 
p a (7Ti(M)) has global fixed points in P 1 (C). 

Question 1.1 When can p a be deformed into irreducible representations (i.e. 
representations whose images have no fixed points in P X (C))? 
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Different versions of this question have been studied in and for 

SU(2) and 0, 0, 0, d and |Mj for SL 2 (C). 

The answer is related to a twisted Alexander invariant. We first choose an 
isomorphism: 

#i(M;Z) ^tors(ffi(M;Z))0Z, (2) 

which amounts to choosing a projection onto the torsion subgroup H\(M\ Z) — > 
tors(iTi(M;Z)) and to fix a generator of H l {M;1) S Hom(Hi(M; Z), Z) . 
So, a induces a homomorphism tors(i?i(M; Z)) © Z — > C* which will be also 
denoted by a. 

The composition of the projection iri(M) — > tors(i?i(M; Z)) with the restric- 
tion of a gives a representation <r: 7Ti(M) — > £7(1) C C*: 

a: tti(M) -> tors(Fi(M;Z)) ^> C*. 

A homomorphism c^ CT : tt\(M) — >• Cft 1 * 11 ]* to the units of the ring of Laurent 
polynomials C[i ±:L ] is given by ^ a {l) = 0"(7)i^ 7 ). This allows a definition of 
the twisted Alexander polynomial A^it) G C[f ], whose construction will be 
recalled in Section El 

We say that a is a zero of the Alexander invariant if A^ a (a(0, 1)) =0, where 
(0, 1) G tors(i!i(M; Z)) © Z. We show in Section that being a zero and the 
order of the zero does not depend of the choice of the isomorphism (J2J . 

We prove in Lemma 14.81 that if p a can be deformed into irreducible repre- 
sentations, then a is a zero of the Alexander invariant. For a simple zero 
this condition is also sufficient and we have stronger conclusions, as the next 
theorem shows. Let R(M) = Hom(-7Ti(M), PSL2(C)) denote the variety of rep- 
resentations of 7Ti(M) in PSL2(C). 

Theorem 1.2 If a is a simple zero of the Alexander invariant, then p a is 
contained in precisely two irreducible components of R(M) , one of dimension 
4 containing irreducible representations and another of dimension 3 containing 
only abelian ones. In addition, p a is a smooth point of both varieties and the 
intersection at the orbit of p a is transverse. 

When the representation a is trivial, then it is not a zero of the Alexander 
invariant, because the Alexander invariant is the usual untwisted Alexander 
polynomial A, and A(l) = ±|tors #i(M,Z)| ^ 0. 

Let X(M) = i?(M)//PSL 2 (C) denote the algebraic quotient where PSL 2 (C) 
acts by conjugation on R(M) . The character of a representation p £ R(M) is 
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a map Xp'- ^i(M) — ► C given by Xp(t) = tr 2 ^(7) for 7 G 7Ti(M). There is a 
one-to-one correspondence between X(M) and the set of characters. Hence we 
call X(M) the variety of characters of ttx(M) (see |13| for details). 

Let Xa be the character of p a . 

Theorem 1.3 If a is a simple zero of the Alexander invariant, then Xa is 
contained in precisely two irreducible components of X{M), which are curves 
and are the quotients of the components of R(M) in Theorem \1.2l In addition 
Xa is a smooth point of both curves and the intersection at Xa is transverse. 

This paper generalizes the main results of ^1] where we considered only rep- 
resentations a: vri(M) -> C* which factor through H X {M; Z)/tors(i?i(M; Z)) 
and for which a a can be chosen as a homomorphism. These conditions im- 
ply that p a and its deformations can be lifted to representations into SL 2 (C). 
On the other hand, it was shown in |1M[ Theorem 1.4] that the representation 
variety R(M) can have many components which do not lift to the SL 2 (C)- 
representation variety. Hence Theorem 11.21 and Theorem II. Ml generalize the 
main results of |14j . Moreover, we have removed tlie condition that is not 
d -trivial from |14j . Here a representation p £ R(M) is called 9-trivial if 

poi # : TTx{dM) -> PSL 2 (C) 

is trivial. An example will be given where the results of this paper apply but 
those of Jl] do not. 

In ^1] we considered the usual Alexander polynomial, but here we need a 
twisted version. The strategy of the proof of Theorem ll.2l in this paper is simi- 
lar to the one of Theorem 1.1 of [Tl]: we construct a metabelian representation 
p + : iri(M) — > PSL2(C) which is not abelian and has the same character as 
p a , and we show that p + is a smooth point of R(M). This involves quite 
elaborate cohomology computations. More precisely, due to an observation by 
Andre Weil, the Zariski tangent space Tp ai (R(M)) of R(M) at a representa- 
tion p G R(M) may be viewed as a subspace of the space of group cocycles 
Z 1 (7Ti(M),s[ 2 (C)p). Heres[ 2 (C) p denotes the n\ [M] -module sfe (C) via Ad op. 
The approach given here for these cohomological computations and for the anal- 
ysis of the tangent space is completely self contained and simplifies in several 
aspects the computations from jllj . In particular, the new approach permits 
us to remove the assumption that p a is not 3-trivial. 

The paper is organized as follows. In Section |2] we recall the definition of the 
twisted Alexander polynomial and describe its main properties. In SectionOlwc 
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recall some basic facts from group cohomology and Weil's construction which 
will be used in the sequel. Section 21 relates the vanishing of twisted Alexander 
invariants to some elementary cohomology and deformations of abelian repre- 
sentations. The next three sections are devoted to prove that the metabelian 
representation p + can be deformed into irreducible representations. The co- 
homology computations are done in Section |SJ with a key lemma proved in 
Section H3 The smoothness of R(M) at p + is proved in Section [7| Theo- 
rems EH an d ESI are proved in Sections |S] and respectively. Finally, Section ITUl 
is devoted to describe the local structure of the set of real valued characters. 

Acknowledgement The authors would like to thank the referee for his careful 
and thorough reading of the manuscript and for providing useful suggestions for 
improving the paper. The second author is partially supported by the Spanish 
MCYT through grant BFM2003-03458. 

2 Twisted Alexander polynomial 

Let M be a manifold as in the introduction. We fix a projection p : Hi (M; Z) — > 
tors(iTi(.M; Z)) and a generator 

^€fr x (Af;Z) =Hom(fTi(M;Z),Z) = Hom(7Ti(M),Z) , 

i.e. we fix an isomorphism as in (J2J) 

#i(M;Z) tors (Hi (M;Z)) ©Z 

z i ► (p(z),4>(z)) . 

For every representation a: tors(i?i(M; Z)) — > U(l) C C* the composition 
7ri(Af) -» fl"i(M;Z) tors (ill (M;Z)) U(l) 

will be denoted by cr(p): 7Ti(M) — > U(l). We consider the induced representa- 
tion 

<j> a(p y- tti(M) - Cf^ 1 ]* 

7 o-(p)(7)t*W . 

In this way C^ 1 ] is a 7Ti (M) -module (or a H\(M; Z) -module since Im^^) 
is abelian). 

In the sequel we shall fix a projection p: i?i(M;Z) — ► tors(i?i(M; Z)) . We 
shall, by convenient abuse of notation, continue to write a for cr(p) . Let 

Ht°{M) and H^(M) 
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denote the homology and cohomology twisted by (f) a . Using singular chains, 
Ht"(M) and H^(M) can be defined respectively as the homology and coho- 
mology of the chain and cochain complexes: 

C^j^^aCMjZ) and Hom w(M) (a(M; Z), C^ 1 ]), 

where M denotes the universal covering of M. Alternatively, since <^ a is 
abelian, we could take the maximal abelian covering of M instead of the uni- 
versal one. 

In the sequel we shall write R := C[i ]. Since R is a principal ideal domain 
and since Hf " (M) is finitely generated, we have a canonical decomposition 

Hf°(M) = R/r R © • • • R/r m R, 

where r, G R and rj+i | r\. 

Definition 2.1 The -R-module Hf a (M) is called the Alexander module and 

A fc a = r k r k+i ■■■r m 

the k-th twisted Alexander polynomial, for k = 0, . . . ,m. The first one is also 
called the twisted Alexander polynomial: A^ CT := Aq ct . 

It is well defined up to units in R = C[t ], i.e. up to multiplication with 
elements at n with a G C* and n G Z. We use the natural extension A^ 17 = 1 
for k > m. Note that if A G M myn (R) is a presentation matrix for Hf"(M) 
then A^ CT G i? is the greatest common divisor of the minors of A of order 
(n — k) . Alexander module can be done in a more general context using only 
an U.F.D. (see |H IV.3]). 

Changing the isomorphism Note that Hf' T (M) and hence A^ CT are not 
invariants of the pair (M, a) , they depend on the isomorphism (J2J); equivalently, 
they depend on the choice of the projection p: Hi(M,Z) — > tors(iTi(M; Z)) 
and the generator (j) : H\ (M, Z) — > Z . 

Let pi,P2- Hi(M;Zi) — > tors(iJi(M; Z)) be two projections. They differ by a 
morphism ^: Z -> tors(#i(M;Z)). Namely, for all 2 G Hx(M;Z), 

p 2 {z)= Pl {z)+^{cp{z)). (3) 

Therefore, given a: tors(ifi(M; Z) — > U(l), the induced representations o"j := 
a(pi): tti(M) ->U(1) satisfy: 

^2(7) = ^1(7)^(^(^(7))) V 7 G tti(M) . (4) 
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Hence, 

<t>* 2 (l) = ^ 2 (7)^ (7) = <Ti(7V W#(7)))^ (7) = *l(7)(«*)* (7) 

and ^0-1(7) = 07 (7)^^ differ by replacing t by at, where a = <j(^>(1)) 6 U(l) 
and 1 denotes the generator of Z. Therefore 

A^(t) = A^ (at). (5) 

The generator <j): H\(M;Z) —* Z is unique up to sign, and replacing by — 
implies replacing t by t -1 in the twisted polynomial. 



Symmetry Consider the following involution on C[t ]: 

i i 

where oj denotes the complex conjugate of a, EC. An ideal / C C[t ±:L ] is 
called symmetric if J = I and an element r\ € C[t ±:L ] is called symmetric if 
it generates a symmetric ideal. Hence an element 77 £ Cft 1 * 11 ] is symmetric if 
and only if there exists a unit e 6 C[t ±:L ]* such that fj = en. Notice that some 
authors use the expression weakly symmetric |24j . 

Proposition 2.2 Let M be a 3-manifold such that 0i(M) = 1 and that dM 
is a torus. For each homomorphism a: tors(i?i(M; Z)) — > U(l) and for each 

splitting of J2J) we have that A^ CT is symmetric i.e., A^ CT and A^ CT are equai up 
to multiplication by a unit of C[t ±:L ] . 

Proof Given a R = C[t ±l ] -module N, N denotes the i?-module with the 
opposite .R-action, i.e. rn := fn, for r £ R and n £ N . Using the Blanchfield 
duality pairing we obtain an isomorphism of -R-modules D : H^* (M,dM) — > 

H^(M) . Since i? is a P.I.D., we obtain 

D : tois{Ht_ p {M,dM))^tois{H^_ l {M)) (6) 

and 

ik R Ht p (M, 8M) = vk R H$° (M) 
(see 0, QH, H3 Sec. 2] and QUI Sect. 7]). 

The proposition follows from the duality formula (JBJ) (see the proof of Theo- 
rem 7.7.1 in 16, p. 97] for the details). □ 
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Remark 2.3 In contrast to the untwisted situation, the Alexander module 
Hf a (M) can have nonzero rank. Examples are easily obtained as follows: let 
Mi be the complement of knot in a homology sphere and let M 2 be a rational 
homology sphere. Then tti (Mi#M 2 ) = vr 1 (Mi)*7ri(M 2 ) and H 1 (M 1 #M 2 ;Z) ^ 
Hi(M\] Z) © H\(M 2 ; Z) comes with a canonical splitting. 

Since H\(M\\1A is torsion free, we can choose <p: iri(Mi#M 2 ) — » Z to be the 
composition 

0: 7Ti(M 1 #Af 2 ) H X {M 1 #M 2 ;'L) i?i(M i; Z) ^ Z. 

For each nontrivial representation <r: H\(M 2 \1A — ► U(l) we obtain (f) a (hi + 
ha) = a(h 2 )t^ 6 C^ 1 ]* for e #i(M;;Z) and hence a = CT |fj l( M 2; z)- 

Since a is nontrivial it follows that H$°(M 2 ) = H^(Mi#M 2 ) = 0. Moreover, 
we obtain that Hq"(S 2 ) = C\t ±l \ and hence the Mayer- Vietoris sequence gives 
a short exact sequence: 

-> Hf°(Mi) © H(°(M 2 ) -» Hf a {Mx#M 2 ) -> Ker j -» 

where j: (S 2 ) -> (Mi) is surjective. Since H^(Mi) is torsion it 
follows that Ker j is a free Cft^ 1 ] -module of rank one and hence, Hf" (M\^M 2 ) 
has nonzero rank. 

3 Group cohomology: Fox calculus and products 

Fox calculus will be used to compute the twisted Alexander polynomial. Since 
this is a tool in group cohomology, we first need the following lemma, that will 
also be used later. Details and conventions in group cohomology can be found 
in and [23]. 

Lemma 3.1 Let A he a tv\(M) -module and let X be any CW-complex with 
tti(X) = 7i"i(M) . Then there are natural morphisms Hi(X; A) — > flj(7ri(M); A) 
which are isomorphisms for i = 0, 1 and a surjection for i = 2. In cohomology 
there are natural morphisms H l (ni(M); A) — > H l (X;A) which are isomor- 
phisms for i = 0, 1 and an injection for i = 2. 

Proof It is possible to construct an Eilenberg-MacLane space K of type 
(7!"i(M),l) from X by attaching A; -cells, k > 3. In this way we obtain a 
CW-pair (K, X) and it follows that Hj(K,X;A) = and W(K,X;A) = for 
j = 1,2 (this a direct application of Theorems (4.4) and (4.4*) of [271 VI.4]). 
Hence the exact sequences of the pair (K, X) give the result. □ 
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Fox calculus Let cr: tors(i?i(M; Z) — > U(l) be a representation and fix a 
splitting of i?i(M;Z) as in @. We can use Fox calculus to compute A^ CT : 
choose a cell decomposition of M with only one zero cell xq. Since every 
presentation of 7Ti(M) obtained from a cell decomposition of M has deficiency 
one, we have: 



Denote by ir: F n — > 7ri(M) the canonical projection where F n = F(Si, . . . , S n ) 
is the free group generated by n elements and by d/dSi: 7LF n — ► ZF n the 
partial derivations of the group ring of the free group. 

The Jacobian J*" := (jff) G M n _i i „(C[t ±1 ]) is defined by JlJ* := CT o 
Tr(dRj/dSi) G Cft* 1 ]. Analogous to Chapter 9], one can show that J^" 
is a presentation matrix for Hf' T (M, xq) . The exact sequence for the pair 
(M,x ) yields Hf"(M,x ) iff CT (M) © C[t ±x ] (see £T pp. 61-62]). Hence, 
A^(M) = A^"(M,xo) and A^ CT (M) is the greatest common divisor of the 
{n — k — 1) -minors of the Jacobian J*" G M n _i jn (C[i ±1 ]) . 

Example 3.2 Let M be the punctured torus bundle over S 1 whose action of 
the monodromy on f/i(T 2 ,Z) is given by the matrix (25)- The fundamental 
group 7Ti(T 2 ) is a free group of rank 2 generated by a and (3. A presentation 
of 7ri(Af) = Z x tti(T 2 ) is given by 

tti(M) = {a, j3, 11 I ^a/i _1 = a/3 2 , = /?(a/3 2 ) 2 ) . 

Moreover, Hi{M; Z) = (Z/2©Z/2)©Z comes with a canonical splitting s(l) = 
/i i.e., = 0, p(a) = a and p((3) = (3. A generator G H 1 (M;Z) = 

Hom(7ri(M); Z) is given by 4>(/j) = 1 and (j)(a) = <j>(fl) = 0. 

There are exactly four representations cXi'. (W i /2®'L/2) — > U(l) which give rise 
to the following homomorphisms 4> ai : 7Ti(M) — > C^ 1 ]*: 



7Ti(M) = (S!,...,S n I R 1 ,...,R„- 1 ). 




Now, a direct calculation gives: 
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Hence, A<^i = t 2 - 6t + 1 and = t - 1 for i = 2, 3, 4. 

Products in cohomology Let T be a group and let A be a T-module. We 
denote by (C*(T; A),d) the normalized cochain complex. The coboundaries 
(respectively cocycles, cohomology) of T with coefficients in A are denoted by 
B*(T;A) (respectively Z*(T;A), H*(T;A)). 

Let A\ , A2 and ^3 be T-modules. The cup product of two cochains u £ 
C p (T; Ax) and v € C q (T; A 2 ) is the cochain uUve C p+q (T; A x ® A 2 ) defined 
by 

u U v (71, . . . , 7 P+9 ) := u(7i, • • • , 7 P ) 71 • • • 7 P «(7p+l, • • • > 7p+<?) • (7) 
Here Ai (8) ^2 is a T-module via the diagonal action. 

It is possible to combine the cup product with any bilinear map (compatible 
with the T action) b : A\ (8> A 2 — > ^3 . So we obtain a cup product 

U: C p (T;A 1 )®Ci(r;A 2 ) ^CP+i(T;A 3 ). 

For details see [3 V.3]. If ^4 = g is a Lie algebra, then we obtain the cup-bracket 
of two cochains, which will be denoted by [u U v] . Note that the cup-bracket is 
not associative on the cochain level. If A is an algebra then the cup product 
will be simply denoted by U. This cup product is associative on the cochain 
level if the multiplication in A is associative. 

Let b: A\ ® A 2 — > A3 be bilinear and let Z\ E Z l (T;Ai), i = 1,2, be cocycles. 
We define /: T — > ^3 by 7(7) := 6(211(7) (g) 2:2(7))- A direct calculation gives: 
rf/(7l,72) + 6(21(71) ® 7i 22(72)) + Hli 21(72) <8> 22(71)) = 0. This shows 
that: 

b bor 

df + z 1 Uz 2 + z 2 U zi = (8) 
where r: A\ ® A 2 — > A 2 (g) A\ is the twist operator. 

Group cohomology and representation varieties Let T be a group and 
let p: r — ► PSL2(C) be a representation. The Lie algebra sl 2 (C) turns into 
a T-module via Ad op. We shall denote this T-module by sl 2 (C) p . A cocycle 
d £ Z 1 (T;si 2 (C) p ) is a map d: V — > sl2(C) p satisfying 

(^(7172) = d(ji) + Ad p(7l ) d(7 2 ), V7i,72 G tt^M) . 

It was observed by Andre Weil 26_ that there is a natural inclusion of the 
Zariski tangent space T p Zar (i?(r)) ^ Z 1 (Y\sl 2 (C)p). Informally speaking, given 
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a smooth curve p e of representations through pq = p one gets a 1-cocycle 
d: T — > sl2(C) p by defining 

dPe(7) 



d( 7 ) 



p( 7 )-\ v T er. 

=0 

It is easy to see that the tangent space to the orbit by conjugation corresponds to 
the space of 1-coboundaries B 1 (T;sl2(C) p ) (see for instance fXSJ Section 4.5]). 
Here, b: T — > SL2(C) P is a coboundary if there exists x S 5 [2(C) such that 
6(7) = Ad p ( 7 ) x — x. A detailed account can be found in ^1 Thm. 2.6] or 
Ch. VI]. 

Let dim p R(T) be the local dimension of -R(r) at p (i.e. the maximal dimension 
of the irreducible components of R(T) containing p, cf. |22| Ch. II, §1.4]). In 
the sequel we shall use the following lemma: 

Lemma 3.3 Let p E R(T) be given. If dim p R(T) = dim Z 1 ^; sl 2 (C) p ) then 
p is a smooth point of the representation variety R(T) and p is contained in a 
unique component of R(T) of dimension dim Z l (T; 5(2 (C) p ) . 

Proof For every p £ R(T) we have 

dim pj R(r) < dimT^i^r)) < dimZ 1 (r;sl 2 (C) p ) . 

The lemma follows from the fact that the equality dim p R(T) = dimT p Zar (i?(r)) 
is the condition in algebraic geometry that guarantees that p belongs to a single 
irreducible component of R(T) and it is a smooth point (for more details see 
[221 Ch. II]). □ 



4 Abelian representations and the twisted Alexan- 
der invariant 

Let a: tt\{M) — » C* be a homomorphism. In what follows, the induced homo- 
morphism H\(M; Z) — * C* will be also denoted by a and we denote by a the 
restriction of a to the torsion subgroup, i.e. 

0- ■= a | t ors(Hi(M;2)) : tors(ifi(M; Z)) -> U(l) . 

Let us fix an isomorphism Hi(M;Z) = tors(iJi(M;Z))®Z as in ©, i.e. we fix 
an projection p: iJi(M;Z) — > tors(i?i(M; Z)) and a generator <j) £ -ff 1 (M;Z). 
The induced section s p : Z — > Hi(M;Z) satisfies 

4> = Id —p. 
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Definition 4.1 We say that a is a zero of the k-th Alexander invariant of 
order r if a := a(s p (l)) 6 C* is a zero of A^ CT (i) of order r. 

Lemma 4.2 This definition does not depend on the isomorphism J2J). 

Proof The independence of the generator <p G H 1 (M; Z) is clear: if we replace 
4> by — 4> we have to replace s p (l) by s p (— 1) = — s p (l); hence, o = a(s p (l)) 
has to be replaced by a -1 . Moreover, we have to replace A^"(t) by A^ CT (t _1 ) 
and the claim follows. 

Suppose now that we have two projections pi,P2 '■ Hi(M;Z) — > tors(iTi(M;Z)). 
Then there is morphism ^: Z — > tors(i?i(M;Z)) as in © such that 

^ o <f) = p 2 — pi = si o <fi — s 2 o (j), 

because o <fi = Id — pj . In particular 

^ = si - s 2 . 

Let G{\ 7ri(M) — > U(l), 2 = 1,2, be given by o~i := a o pi and denote Oj := 
a(s Pi (l)), so that a(ip(l)) = a\a 2 l . By (JHJ) we get: 

A^ (t) = A^ (a(m) t) = A^ (a.a, 1 1), 

Putting t = a 2 s , we get A^ 2 (02 s) = A^ CT1 (a\ s) Hence the order of vanishing 
of A^ CTi at Oi is independent of i. □ 

Definition 4.3 Following 14. 11 we define (3 a : Cft 1 * 11 ] — > C to be the evaluation 
map at a(s p (l)) G C, i.e. p a (n(t)) = r/(s p (l)) G C Vr?(t) G C[t ±:L ]. 

The previous lemma says that the evaluation and the order of vanishing of A^ CT 
at /3 a is independent of the splitting of the first homology group. In addition, 
we have 

a = /3 a o dp a , (9) 
i.e. a(i) = P a (a(j)t^) = a( 7 )a(s p (l))^W V7 G n x {M). 

Example 4.4 Let M be the torus bundle given in Example 13.21 For every 
A G C* there are representations cti : tti(M) — > C* , i = 1,...,4, given by 
ai(p) = A and a i\%/ 2 S)i,/2 = Now, a?, is a root of the Alexander invariant if 
and only if A 9 ^ (A) = 0. More precisely, a\ is a root of the Alexander invariant 
if and only if A = 3 ± y/8 and, for i = 2,3,4, ctj is a root of the Alexander 
invariant if and only if A = 1. Note that in each case the root is a simple root. 
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Definition 4.5 We define C a to be the tti(M) -module C with the action 
induced by a, i.e. 7 • x = a{^)x Vi G C and V7 G tti(M) . 

We explain the motivation of this definition. Let p a : tt\(M) — * PSL<2(C) be the 
representation in (|T|). The Lie algebra 512(C) turns into a n\(M) -module via 
Adop a which will simply be denoted by s^C)^. The 7Ti(M)-module st2(C) Q 
decomposes as s^C)^ = C + © Co © C_ , where 

and C_ = C jjV (10) 

Here Co is a trivial tti(M) -module and C± := C a ± , where a + = a and a~ is 
the morphism that maps every element 7 G iri(M) to a(7 _1 ). 











(° 




C = C 





Computing H 1 (r; C a ) Let T = (Si, . . . , S n \R\, . . . , R m ) be a finitely pre- 
sented group and let a: V — > C* be a representation. In order to com- 
pute if^rjCa) we can use the canonical 2-complex with one 0-cell associ- 
ated to the presentation of V (see Lemma l3.1|) . More precisely, we can identify 
Z 1 (r;C a ) with the kernel of the linear map C n — ► C m given by aw Aa where 
A = (a,ji) G M m>n (C) is given by dji = a(dRj/dSi). 

For the remainder of this section we shall fix a projection p: H\(A1;Z) — > 
tors(iJi(M; Z)) and a generator G iT (M;Z). Moreover, let cr denote the 
restriction of a to the torsion subgroup tors(ffi(M;Z)). Using (jHJ) we ob- 
tain dji = P a (jfi) where J*" = (jff) G M„_i jn (C[t ±1 ]) is the Jacobian, i.e. 
Jjf := 4> a o n(dRj/dSi). We have dimB l (T;C a ) = 1 if a is nontrivial, and 
dimS 1 (r; C a ) = if a is trivial. Hence for any nontrivial a: r — ► C* , we have 

dimff 1 (T;C a ) = n-rkA-l. (11) 

Lemma 4.6 Let a: ttx(M) — ► C* be a nontrivial homomorphism. Then 
dim H 1 (tti(M); C a ) = k if and only if a is a zero of the k-th Alexander invari- 
ant and not a zero of the (k + l)-th Alexander invariant. 

Proof By (fTTj) we have k = dim H l (tti(M)] C a ) = n — rkA — 1, where A = 
(a{dRj/dSi)). Now a = (3 a o fa and hence /? a (Af CT (M)) = if I < k and 
/3 Q (Af ff (M)) / if I > k. □ 

Recall that : tti(M) — > C* denotes the homomorphisms given by 

a ± ( 7 ) := (a( 7 )) ±1 V7 G vri(M). (12) 
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It follows from the symmetry of the Alexander invariants that a + and or are 
zeros of the same order of the k-th Alexander invariant. More precisely, we 
have: 

Proposition 4.7 Let a: 717 (M) — > C* be a nontrivial homomorphism. Then 
a + and a~ are zeros of the same order of the k-th Alexander invariant. In 
particular, we have 

dim H 1 (vri (M) ; C a + ) = dim H 1 (77 (M); C a - ) . 

Proof Since a~(s p (l)) is the inverse of a(s p (l)), it suffices to check that 
A^ CT_1 (f _1 ) = eA[°(f) where e is a unit in C[t ±:L ]. To verify this, notice that 
the image of a is contained in U(l), so a^ 1 ^) = a(-y), V7 G 717 (M). Hence, if 
A^(t) = then A^ _1 (t) = 5^ oft*. % Proposition EH atf* differs 

from ^ alt - * by a unit, hence the proposition follows. □ 

The space of abelian representations Let a: 717 (M) — ► C* be a repre- 
sentation and let tp: 7* — > C* be a homomorphism. Using multiplication, we 
obtain a homomorphism a<£: 77 (M) — > C* given by 0^(7) = a (7) ( / 3 ('/ ) (7)) f° r 
7 G 7Ti (M), where </3 G i? (M;Z) is a generator. There is a one dimensional 
irreducible algebraic set V a C R(M) given by 

U Q := {p a¥ , I <p G Hom(Z,C*)} C fl(M) . 

Moreover, the PSL2(C) orbit of p aip is two dimensional if atp is nontrivial 
and hence V a is contained in an at least three dimensional component. We 
denote by S a (M) C R{M) the closure of the PSL 2 (C) -orbit of V a . Notice 
that p a G S a (M) and dim c S a (M) > 3. 

Lemma 4.8 Let a : 717 (M) — » C* be a representation. If a is not a zero of the 
Alexander invariant then there exists a neighborhood of p a in R(M) consisting 
entirely of points of the component S a {M) . Moreover, p a G S a (M) is a smooth 
point and S a {M) is the unique component through p a and dim S a (M) = 3. 

Proof We have 3 < dimS a (M) < dim Pa R(M) < dim Z l (ni(M)- sl 2 (C) Q ) . 
Therefore Lemma 13.31 implies the result if we can show that 

dimZ 1 (vri(M);5l 2 (C) Q ) =3. 

If a is trivial then Z 1 (tt 1 (M); st 2 (C) a ) = i? 1 (77 (M ) ; S [2 (C) a ) H X (M; C) ® 
sl 2 (C) and dimZ 1 (7Ti(M);s[ 2 (C) Q ) = 3 follows. 
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If a is nontrivial, then the tti(M) -module 5(2 (C) Pa splits as st2(C) Q = C + © 
C_ © C . Hence H^tt^M); sl 2 {C) a ) ^ ff 1 (7Ti(M);C + ) © H l \^i{M); C ) © 
i7 1 (7Ti(M); C_) and by Lemma 14.61 and Proposition 14.71 we get 

dimi? 1 (7r 1 (M); 5 l 2 (C) a ) = 1. 

This implies that dimZ 1 (vri(M);sl 2 (C) a ) = 3 and p a £ S a (M) C R(M) is a 
smooth point. □ 

5 Cohomology of metabelian representations 

The aim of the following three sections is to prove that, when a is a simple 
zero of the Alexander invariant, certain reducible metabelian representations 
are smooth points of the representation variety R(M) . First we construct 
these reducible representations and then, before proving their smoothness in 
Section [71 we shall do some cohomological computations in this section and the 
following one. 



Let a: tt\(M) — > C* be a homomorphism and let d: tt\(M) -» C be a map. 
The map p d a : m(M) -» PSL 2 (C) given by 



is a homomorphism if and only if d £ Z 1 (iri(M);C a ) . Moreover, is non- 
abelian if and only if d is not a coboundary. 

Corollary 5.1 (Burde, de Rham) Let a: it\{M) — ► C* be a representation 
and define p a : 7Ti(M) — > PSL 2 (C) as in 0). Then there exists a reducible, 
non-abelian representation p: 7Ti(M) — > PSL 2 (C) such that \ p = \p a ^ an d 
only if a is a zero of the Alexander invariant. 

Proof By Lemma 14.61 we have that dim.H 1 (iri(M); C a ) > if and only if a 
is a zero of the Alexander invariant of M. □ 

If a is a simple zero of the Alexander invariant, then defined by (|12|) is 
a zero of the first Alexander invariant, but it is not a zero of the second. By 
Lemma EH we have H 1 (tt 1 (M);C±) = C. 

Let d± E Z 1 (tti(M); C±) be a cocycle which represents a generator of the 
first cohomology group H 1 (tti (M) ; C± ) . We denote by p^ the metabelian 
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representations into the upper/lower triangular group given by Corollary 15.11 
i.e. 

P + (7) = (J d+ 1 (7) )pa(7) and ,-( 7 ) = J) p a ( 7 ). 

If we replace d± by d' ± = cd± + 6± where c 6 C* and 6± £ i? 1 (7Ti(M); C±) 
then p 1 * 1 changes by conjugation by an upper /lower triangular matrix. Let 
b + C 512(C) denote the Borel subalgebra of upper triangular matrices. It is a 
7Ti (M) -module via Adop + . The short exact sequence of 717 (M) -modules 

-» C+ -> b+ -» C -» 

gives a long exact sequence in cohomology: 

-> i?°(M; C ) iJ^M; C+) -> H l (M; b+) -» 

H l (M; C ) # 2 (M; C+) # 2 (M; b+) -» (13) 

Lemma 5.2 We have that fl^M; b+) = if and onfy if J 2 : H X [M\ C ) -> 
i? 2 (M;C+) is an isomorphism. 

Proof The Euler characteristic xO^O vanishes. Hence, -ff 1 (M;b + ) = im- 
plies H 2 (M;b+) = and the sequence {HJ gives that £ 2 : ff^M; C ) -> 
id 2 (M;C+) is an isomorphism. 

Suppose that <5 2 : H 1 (M;Co) — > if 2 (M;C+) is an isomorphism. Then the 
sequence (|T3|) gives H 2 (M; b + ) = and the vanishing of the Euler characteristic 
implies H 1 (M;b+) = 0. □ 

A cocycle do : 7Ti(M) — > Co is nothing but a homomorphism do : 7Ti(M) — ► 
(C, +) . A direct calculation gives 

<5 2 (do) (71 ,72) = -2(2+ (71) do (72)- 

The 2-cocycle <5 2 (do) is a cup product. In our situation we have the multipli- 
cation Co (8> C + — > C+ . This gives us a cup product 

U: J ff 1 (vr 1 (M);C )®F 1 (7r 1 (M);C + ) ^id 2 (7n(M);C + ) 

and 

<5 2 (d ) = -2(d+Ud ) (14) 

(see Equation 0). Hence we have that S 2 is an isomorphism if and only if, for 
each nontrivial homomorphism d : r — > C , the cocycle d + U do represents a 
nontrivial cohomology class. 

The next lemma will be proved in Section EJ 
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Lemma 5.3 Let d$: tt\{M) — > Co be a nontrivial homomorphism and let 
d + : 71"! (M) — > C + be a cocycie representing a nontrivial cohomology class. If 
a is a simple zero of the Alexander invariant, then the 2-cocycle d+ U do G 
Z 2 (tti (M) ; C+ ) represents a nontrivial cohomology class. 

Corollary 5.4 Let a: 717 (M) — > C* be a nontrivial homomorphism. If a is 
a simple zero of the Alexander invariant then H (wi(M); b+) = and the pro- 
jection to the quotient sl2(C) p + — ► sl2(C) p + /b+ = C_ induces an isomorphism 

H 1 {^i{M);5i2{C) p +) = /f 1 (7ri(M);C_) = C. 

Proof Lemmas 15 . 31 and 15 . 21 and equation ((11)) imply that i/ 1 (7Ti(M); b+) =0. 
The isomorphism follows then from the long exact sequence in cohomology 
corresponding to 

-> b+ -^sl 2 (C) p+ -» C_ -> 0. □ 



6 Fox calculus and 2-cocycles 

The aim of this section is to prove Lemma 15.31 Let T be a finitely presented 
group and let A be a CT-module. In the sequel we have to decide when a given 
2-cocycle c: r x T -> i is a coboundary. 

A normalized 2-cochain is a map c: r x T — > A where the normalization con- 
dition is c(l,7) = 0(7, 1) = for all 7 G T. We shall extend c linearly on the 
first component, i.e. for n = X^gr n 77 e ^\ 17 G C, we define 

Proposition 6.1 Let T = (Si, . . . , S n \Ri, . . . , R m ) be a finitely presented 
group and let c : r x T — * A be normalized 2-cocycle. 

Then c: r x T — > A is a coboundary if and only if there exists G A, % = 
1, . . . , n, such that for all j = 1, . . . , m the equation 

E-(H) o «i+E^(||)>^)) = o as) 

1=1 * 1=1 

holds. 

Here it: (Si, . . . , S n ) — > T denotes the natural projection from the free group 
to r. 
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Proof We start by recalling some well known constructions used in the proof 
(cf. 0). Let X be the canonical 2-complex with one 0-cell associated to the 
presentation of T = (Si,..., S n \Ri, R m ) i-e. X = X° U X 1 U X 2 where 
X° = {e } , X 1 = {e\, . . . , } and X 2 = {e 2 , . . . , e 2 ^} . The universal covering 



P 



X 



X gives us a free chain complex C\. := Ck(X) of T -modules. A basis 

k r- ,, 

basis, 82 is given by the Fox calculus, i.e. 



for Cfc is given by choosing exactly one cell e| E p 1 ( e t)- With respect to this 



d 2 (e 



i=i 



Notice that d\ o ^ 
calculus (see jS]). 



and ^(e, 1 ) = (5, - l)e° . (16) 
corresponds to the fundamental formula of the Fox 



The normalized bar resolution for V is denoted by := B*(T) . More precisely, 
let B n := B n (T) be the free T-module with generators [x\\ . . . \x n ] , where x^ G 
r\{l} . In order to give meaning to every symbol [x\\ . . . \x n ] set [x\ \ . . . \x n ] = 
if Xi = 1 for any i. This is called the normalization condition. Note that Bq = 
Zr is the free T -module on one generator and the augmentation e: Bq — > Z 
maps [ ] to 1 . In low dimensions the boundary operators are given by 



d[x\y] = x[y] - 

Moreover, homomorphisms s_i : 
are defined by 



xy] + [x], d[x] = 
Z — > B , s n : B v 



(* -!)[]• 

— > B n+ i of abelian groups 



s_i(l) = [ ] and s n (x[xi| . . . \x n ]) = [x\xi \ . . . \x n ] 



It turns out that 
chain complex B, 

— 



(s n ) is a contracting homotopy for the underlying augmented 
—> Z of abelian groups. 

92 s~, i v\ 9o 



C 2 (X) 



S 2 (T) 



Ci{X) 



Bi{T) 



C (X) 



Bo{T) 



By using the fact that C* is a free T -complex and that B* is contractile we 
obtain a chain map /* : C* — > -B* which is augmentation preserving i.e. e o / = 
e. Moreover, / is unique up to chain homotopy (see 1.7.4]). The contracting 
homotopy s n : B n — ► B n+ \ and the basis of C* determine /* inductively (see 
[7J p. 24] for details). Hence the maps fa: — ► Bi, i = 0, 1, 2, are given by 



/o(e°) = [ ], /i(el) = [5,] and / 2 (e|) = £[||f |S 



(17) 
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Here we have used the following convention: if rj = J^ 7e p « 7 7 G Zr , then 
[v,lo] ■= E 7e r n 7l7>7o] G # 2 - 

It follows that the induced cochain map /| : Homr(-E>2; A) — > Homr(C2;^4) is 
given by 



At 



/2*(c)(e?) = E c (7^'^)' where c e Hom r (B 2 ;^). (18) 
i=i °^ 

By Lemma 13.11 the map f* induces an injection /*: H 2 (T;A) i7 2 (X;A). 
Hence, (c) is a coboundary if and only if there exists a cochain 

b G Hom r (-Bi; A) such that / 2 * (c)(ef ) + 6(/i(<9 2 ef )) = (19) 

for all j = 1, . . . ,m. The proposition follows from Equation (j!9ft by using (|16j) . 
(JIU) and C5|. □ 

Let a: tti(M) — > C* be a nontrivial representation. Note that a induces a 
homomorphism a: tors(-ffi(M; Z)) © Z — > C*, and let cr denote the restriction 
of a to the torsion subgroup tors(.£/i(M; Z)) . As before we denote by C + the 
tti(M) -module C a , i.e. 7 • z = 0(7)2. For the remainder of the section, fix a 
projection p: Hi(M;Z) -> tors(iTi(M; Z)) and a generator G H 1 (M\'L). 

Let /i: 7Ti(M) — > (C, +) be a homomorphism and let d + : 7Ti(M) — > C + be 
a cocycle. Since ^ is a generator of the first cohomology group, there exists 
a G C such that h = acp. 

By Proposition 16.11 we have that h U d+ is a coboundary if and only if there 
exist xi, . . . , x n G C + such that 

f2a(^)x i + h0d + (^-,S i ) = (20) 

i=l 

for all j = 1, . . . , n — 1. 

We have /iU<i + (7i, 72) = /i (71) a (71)^(72) and hence for 77 = ^ c 7 7 G C-iTi(M) 
we get from (jHJ): 

/iUd + (77,70) = ^c 7 (/iUd+)(7,7o) 

= J^c 7 /i (7)0(7) d+ (70) 

= a Y, c y 0( 7 )ff(7)a(* P (l))* (7) rf+(7D) • (21) 
Let D: C[i ±:L ] — ► Cft 1 * 11 ] be the following differential operator: 
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The operator D satisfies the following rules: 

D(c\r]\ + c 2 r/ 2 ) = ciD(ryi) + c 2 -D(r/2) for q G C and G C[t 
D(r/ir/ 2 ) = £(771)772 + m£>M for 77; G C^ 1 ]. 
It follows from these rules that D(c) = for c G C. 

For given z £ C* we define ord^ : C[t ±x ] -»NU {00} to be the order of r/(t) G 
C[£ ±:L ] at z, i.e. ord z (r/) = 00 44> r/(t) = and 

ord^(r?) = fcGN^3j)'G C[t ±x ] : »/(z) ^ and r/(t) = (t - z)V(i) . 

It is easy to see that if 77(2) = 0, then ord z (r]) = ord z (D(r})) + 1. 

For a fixed z £ C the evaluation map C[t ±:L ] — ► C which maps r](t) to rj(z) 
turns C into a Cft 1 * 11 ] -module which will be denoted by C z . The kernel of the 
evaluation map Cft 1 * 11 ] — > C is exactly the maximal ideal generated by (t — z). 

We choose a splitting of Hi(M;Z) as in (J2J and we write a = P a o 4> a as in 
©. Recall that /3 a is nothing but the evaluation map at z := a(s p (l)). Hence 
(f2lj) gives: 

^0^(77,70) = a /3 a (L>(^(7/)))d + ( 7o ), (22) 
where 77 G Ctti(M), ^(77) G Cf^ 1 ] and 70 G vri(M). 

A C^ 1 ] -module homomorphism /: (Cf^ 1 ])™ -» (C[t ±:L ]) m induces a C[£ ±:L ]- 
morphism / 2 : C™ — > . This follows simply from /(Ker (/? Q ) n ) C Ker (P a ) m . 

(C^ 1 ])™ —?—> (C^ 1 ])™ 

03 

c n z c 

It is easy to see that D(f) : (C^ 1 ])™ -> (C^ 1 ])™ given by £>(/) := D m o / - 
foD n is a Cfi 1 * 11 ] -module morphism. If A is the matrix of / with respect to the 
canonical basis, then /3 a (A) is the matrix of with respect to the canonical 
basis and -DA is the matrix of D(f) with respect to the canonical basis. Here, 
f3 a and D applied to a matrix means simply applying it to each entry. 

Proof of Lemma 15.31 Recall that we made the assumption that a is a simple 
zero of the Alexander invariant of M . 

Let h G Z 1 (tti(M);Cq) and d + G Z 1 (tv\(M); C+) be cocycles representing 
nontrivial cohomology classes. It follows from Equation (JHJ) that 

/iUd + +d + U/i~0, 
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and hence h U d+ is a coboundary if and only if d + U h is a coboundary. 



Let a £ C* such that h = a<j) and set z := a(s p (l)). Then (3 a (r)(t)) is simply 
r](z). By writing equations (|2U|) in matrix form, we obtain from (|22|) that /iUcL|_ 
is a coboundary if and only if the system 



(z) x + a 



( d+(Si 



\d + (S n 



(23) 



has a solution x G C n . Here, for each matrix A G M mn (C[f ]) we denote by 
A{z) G M min (C) the matrix obtained by applying the evaluation map to its 
entries. 

From the canonical 2-complex associated to the presentation we obtain the 
following resolutions: 



«- 



«- 



Pa 



C[t 



±11 



/3 a 







The matrix of cfo (respectively d|) with respect to the canonical basis is J^" 
(respectively J^ CT (2;)) and the matrix of D(d2) with respect to the canonical 
basis is DJ^ . 

It follows that h U d + is a coboundary if and only if 

fd+(Si) 



(DJt>°)(z) 



G Im(d2 



\d+(5„) 



Note that J<^ is a presentation matrix of i?f CT (M,x ) = Hf a (M) C^ 1 ]. 
The assumption that a is a simple zero of the Alexander invariant implies that 
Hf"(M) is torsion. Hence, there exist a basis B = (bo, ■ ■ ■ ,b n -i) of (C[£ ±:L ]) n 
and a basis C = (c\, . . . , c n _i) of (Cft 1 * 11 ])™ -1 such that c^C&o) = and c^C^i) = 
ri(t)ci, 1 < i < n — 1, where rj(t) G Cft 1 * 11 ] are nonzero and rj + i(t) | ri(t) . 
Moreover, we have that ord^(A^ CT ) = 1 and hence r\(z) = and (Dr\)(z) ^ 0. 
In particular, rj(z) ^ for j > 2. 

Now, c?2 ° d\ = gives that Imdi C C[i ±:L ] • bo- Therefore, there exists a 
r(t) G C^ 1 ] such that di(l) = r(t)b . Since H°(M,C + ) = we obtain 
r(z) / 0. 
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We define a basis (6g, . . . , b£_i) of C™ by 6§ = r ( z )fla(bo) = r(z)bo(z) and 
6| = (3 a (bi) = bi(z) , 1 < i < n — 1. Analogously, a basis (cf , . . . , c^_ 1 ) of C™ -1 
is given by c\ = /3 a (cj) = q(^) , 1 < i < n - 1. 

We have 

Im<i| = span(c|, . . . , c z n _\) and Ker a% = span(6g, b\) . 

Note that Ker d\ = span(&Q, b\ ) can be identified with Z 1 (M; C+) and that the 
coboundaries correspond to the multiples of 6g . 

Now a direct calculation gives 

(Dd 2 )(z) (b z ) = (3 a (D{d 2 ) (r(t)&o)) G Imdl, (using d 2 (6 ) = 0), 

and (Dd 2 )(z)(b z 1 ) = (3 a (D(d 2 )(b 1 ))€(Dr 1 )(z)ci+lmd z 2 , (using r±(z) = 0). 

Moreover, (Dri)(2i) 7^ and each element of Kere^ representing a nonzero 
cohomology class does not map into Imc^ under (Dd 2 )(z). Hence, for each 
cocycle d+: tt\(M) — > C+ which represents a generator of H 1 (M;C+) and 
each nontrivial homomorphism h: tt\(M) — > (C,+) the system ()23(l has no 
solution, i.e. h U d+ is not a coboundary. □ 

7 Deforming metabelian representations 

We suppose in the sequel that a is a simple zero of the Alexander invariant of 
M . Let p + £ R(M) denote the metabelian representation defined in Section [21 
In this section we use the results of the previous two sections in order to show 
that p + is a smooth point of R(M) with local dimension 4. 

Let i : dM — ► M be the inclusion. 

Lemma 7.1 The representation p + o i# : %\{dM) -^PSL 2 (C) is nontrivial. 

Proof By Corollary PI H 1 (M ; sl 2 (C) p+ ) iJ 1 (7ri(M);st 2 (C) p +) ^ C and 
by duality, F 2 (M; dM; s( 2 (C) p+ ) H l (M ; sl 2 (C) p+ ) C. Thus, by the exact 
sequence of the pair 

H\M-sl 2 {C) p+ ) -> H l (dM; sl2(C) p+ ) -» tf 2 (M;3M; S l 2 (C) p+ ), 
we obtain dimJET^SMjalatC)^.) < 2. 

We prove the lemma by contradiction: if p + restricted to i#(iri(dM)) was 
trivial, then s( 2 (C) p+ would be a trivial ix\ (dM) -module, and therefore 

H\dM ;sl 2 (C) p+ ) * H x (dM; C) © c sl 2 (C) * sl 2 (C) © s( 2 (C) 
Algebraic & Geometric Topology, Volume 5 (2005) 



986 



Michael Heusener and Joan Porti 



would have dimension six, contradicting the previous upper bound for the di- 
mension. □ 

Definition 7.2 A non-cyclic abelian subgroup of PSL^C) with four elements 
is called Klein's J^-growp. Such a group is realized by rotations about three 
orthogonal geodesies and it is conjugate to the one generated by db o) and 

±(n). 

Remark 7.3 The image p + (i#(iri(dM))) cannot be the Klein group, because 
the image of p + is reducible (i.e. the action on P X (C) = C U {oo} has a fixed 
point, oo), but the Klein group has no fixed point in P 1 (C). 

Recall that by Weil's construction Z 1 (m(M); s[2(C) +) contains the Zariski 
tangent space of R(M) at p + (cf. Section |2J). To prove the smoothness, we 
show that all cocycles in Z (nx(M ); ^(C) +) = C are integrable. To do this, 
we prove that all obstructions vanish, by using the fact that the obstructions 
vanish on the boundary. 

Lemma 7.4 The variety R(Z © Z) has exactly two irreducible components. 
One is four dimensional and smooth except at the trivial representation. The 
other component is three dimensional and smooth; it is exactly the orbit of a 
representation onto the Klein group. 

Proof Let ZffiZ = (x,y\[x,y] = 1) and let p: Z © Z PSL 2 (C) be a 
representation given by p(x) = ±A X and p(y) = ±A y . Then trLA^^LJ 6 
{±2} and p lifts to SL2(C) if and only if tr[^4 x , A y ] = 2. Moreover, p is a 
representation onto a Klein group if and only if trfA,;, A y ] = —2. 

Thus -R(ZffiZ) has two components, one of dimension four and one of dimension 
three, which is the orbit of a representation onto the Klein group. 

Given a representation q £ i?(Z©Z) which is nontrivial and different from the 
Klein group, then H°(Z © Z;s[ 2 (C) e ) ^ sl 2 (C) e{mz) ^ C. Thus, by duality 
and Euler characteristic, fl^ZffiZ; sl 2 (C) e ) = C 2 and Z 1 (ZffiZ;j»fc(C) ff ) = C 4 . 
This computation shows that the dimension of the Zariski tangent space at this 
representation is at most four. Since the representation lies in a four dimensional 
component, it is a smooth point of i?(Z©Z) . Note that it follows from the proof 
of Lemma 17. II that the trivial representation is a singular point of i?(Z © Z). 

If q is a representation onto the Klein group then i?°(Z © Z;sl2(C) ) = 
and hence i? 1 (Z© Z;sl2(C) ) = by the same Euler characteristic argument. 
Hence dimZ 1 (Z©Z;sl2(C) £1 ) = 3. Since the orbit of the representation is three 
dimensional and closed, the lemma is proved. □ 
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Given a cocycle Z 1 (iri(M); sl2(C) p+ ) the first obstruction to integration is the 
cup product with itself. In general when the re-th obstruction vanishes, the 
obstruction of order n + 1 is defined, it lives in H 2 (tti(M); s^iC) +) . 

Let r be a finitely presented group and let p: T —* PSL2(C) be a representa- 
tion. A formal deformation of p is a homomorphism poo : T — > PSL.2(C[[t]]) 

oo 

Poo (7) = ±exp(^Yui(7))p(7) 
i=i 

where ui : V — > 5(2 (C) are elements of C 1 (r,s[2(C) p ) such that po Poo = P- 
Here po : PSL2(C[[i]]) — ► PSL2(C) is the evaluation homomorphism at t = 
and C[[i]] denotes the ring of formal power series. We shall say that p^ is a 
formal deformation up to order k of p if is a homomorphism modulo t k+1 . 

An easy calculation gives that p^ is a homomorphism up to first order if and 
only if u\ G Z 1 (V , sfaiC) p ) is a cocycle. We call a cocycle u\ S Z 1 (r,sl2(C) p ) 
formally integrable if there is a formal deformation of p with leading term u\ . 

Let ui, . . . , Uk £ C 1 (r,sl2(C) p ) such that 

p fc (7) = exp(^i l «i(7))p(7) 
i=i 

is a homomorphism into PSL2(C[[i]]) modulo t k+1 . Then there exists an ob- 
struction class C,k+i '■= ^"Y"'" fc ^ S H 2 (T; 512(C) p ) with the following properties 
(see [HI Sec. 3]): 

(i) There is a cochain u^+i : T — > s[2(C) such that 

fe+i 

Pfe+i(7) = exp(^Yu;(7))p(7) 
i=i 

is a homomorphism modulo t k+2 if and only if Cfc+i = 0. 

(ii) The obstruction Ck+i is natural, i.e. if / : r' — ► T is a homomorphism then 

f*Pk '■= Pk°f is a l so a homomorphism modulo and f*(Ck+i " ) = 
Af*ui,...J*u k ) 

Lemma 7.5 Let p: n\(M) — » PSL2(C) be a reducible, nonabelian represen- 
tation such that dim Z 1 (71-1 (M);s(2(C) p ) = 4. 

Jf p o iji. : 7Ti(5M) — » PSL2(C) is neither trivial nor a representation onto a 
Klein group, then every cocycle in Z 1 (ni(M); st2(C) p ) is integrable. 
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Proof We first show that i* : # 2 (^(M); sl 2 (C) p ) -► F 2 ( 7 r 1 (aM);5l 2 (C) p ) is 
injective. To that extent we use the following commutative diagram: 

tf 2 (M;sl 2 (C) p ) H 2 (dM; 5 [ 2 (C) p ) 

F 2 K(M); S [ 2 (C) p ) ► H 2 (K X {dM); S UC) p ) 

The horizontal isomorphism on the top of the diagram comes from the exact 
sequence of the pair (M, dM) and the dimension computation in the proof 
of Lemma 17.11 The vertical isomorphism on the right is a consequence of 
asphericity of dM . In addition, the vertical map on the left is an injection (see 
Lemma 13. 1JI . 

We shall now prove that every element of Z 1 (tti(M); 512(C) p ) is integrable. Let 
ui, . . . , Uk : tti(M) -> sl 2 (C) be given such that ^(7) = exp(X^ = i *X(7)M7) 
is a homomorphism modulo t k+1 . Then the restriction p^ o : 7ti(dM) — > 
SL 2 (C[[t]]) is also a formal deformation of order k. On the other hand, it fol- 
lows from Lemma 17.41 that the restriction oj^ is a smooth point of the rep- 
resentation variety R(dM) . Hence, the formal implicit function theorem gives 
that i* pk extends to a formal deformation of order k + 1 (see |14| Lemma 3.7]). 
Therefore, we have that 

n _ Ai*U!,...,i*u k ) _ .*Jui,...,Uk) 

Now, i* is injective and the obstruction vanishes. □ 

Proposition 7.6 The representation p + is a smooth point of R(M) with local 
dimension four. 

Proof It follows from Corollary EH that dimF 1 (vri(M);sl 2 (C) p+ ) = 1. Thus 
dimZ 1 (TT 1 (M);5l 2 (C) p+ ) = 1 + dimsl 2 (C) = 4. Moreover, it follows from 
Lemma 17.11 and Remark 17.31 that the representation p + verifies the hypoth- 
esis of Lemma 17.51 Hence all cocycles in Z 1 (7ri(M);s[ 2 (C) p +) are integrable. 
By applying Artin's theorem we obtain from a formal deformation of p + a 
convergent deformation (see j!4l Lemma 3.3]). Thus p + is a smooth point of 
R(M) with local dimension equal to 4 = dimZ 1 (7r 1 (M);s[ 2 (C) p+ ). □ 

8 The quadratic cone at the representation p a 

Let a: tti(M) — > C* be a nontrivial representation. We shall suppose in the 
sequel that a is a simple zero of the Alexander invariant. 
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We want to show that p a is contained in precisely two components and that 
their intersection at the orbit of p a is transverse. For this we study the 
quadratic cone. The Zariski tangent space can be viewed as the space of germs 
of analytic paths which are contained in R(M) at the first order. The quadratic 
cone is the analogue at the second order. Since the defining polynomials for the 
union of two varieties are the products of defining polynomials for each compo- 
nent, the Zariski tangent space of each component (at points of the intersection) 
can only be detected by the quadratic cone. 

Let p: tti(M) — ► PSL 2 (C) be a representation. The quadratic cone Q(p) is 
defined by 

Q{p) := {u G Z 1 ( 7 r 1 (M);s[ 2 (C) p ) | [ttU u] ~ 0} . 

Recall that given two cocycles u, v G Z 1 (7ri(M);s(2(C)p Q ) the cup product 
[iiU«] G Z 2 (7Ti(M);sl2(C) pQ ) is the cocycle given by 

[uUw] (71,72) = K 7l ),Ad Pa(7l) (u(7 2 ))] £sl 2 (C), V7172 G 7ri(M); 

where [, ] denotes the Lie bracket (see (JJJ)). Since the Lie bracket is antisym- 
metric, one easily checks that the cup product is symmetric, i.e. the cocycles 
[u U v] and [v U u] represent the same cohomology class, by (JBJ. 

To compute the quadratic cone Q(p a ) we use the decomposition s^C)^ = 
Co © C + © C_ of tti(M) -modules, see (|10(l . Let pr and pr ± denote the 
projections of 5(2 (C) a to the respective one dimensional modules. We can 
easily check the relation 

pr ± ([u U v] ) = pr (u) U pr ± (v) - pr ± (u) U pr (v) . (24) 

Here we use the products of iri (M) -modules C x C± — > C± , and C± xC-> C± , 
which are nothing but the usual product of complex numbers. Notice that 
these cup products of cohomology classes of cocycles valued in C± and C are 
antisymmetric (for the same reason that the cup product valued in sl2(C) is 
symmetric). Therefore (f24*|) in induces Vz G Z 1 (7Ti(M);s[2(C) Q ) : 

pr ± ([z Uz]) = 2pr (z) U pr ± (z) up to coboundary. (25) 

The splitting ()1U|) induces a splitting in cohomology. We recall that 

dim-ff^TrtCM^Cfc) = dim H 1 (wi (M) ; C) = 1 

and we have chosen cocycles d± and c?o whose cohomology classes generate 
H 1 (tti(M); C±) and H 1 (tti(M); C) respectively (see SectionEJ). Thus, the co- 
cycle z G Z 1 (-7Ti(M); s[2(C) a ) is cohomologous to 

z ~ ao do + o- + 0+ ^+ with ao, a+, a- G C. (26) 
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Therefore (|25|) becomes 

pi±([z Uz]) = 2a$a± cfo U d± G Z 1 (tti(M); C±) up to coboundary. (27) 

Lemma 8.1 The quadratic cone Q(p a ) C Z 1 (7Ti(M);s(2(C) a ) is the union 
of two subspaces, one of dimension 4 and another one of dimension 3. These 
subspaces are precisely the kernels of the projections 

pr : Z 1 ( 7 ri(M);st 2 (C) a ) -> ZViW; C) = #Vi (M); C) 

and 

Z 1 (^ 1 (Af);s[ 2 (C) a ) PI+ -^- Z 1 ( 7 r 1 (M);C+eC_) H^M); C + © C_) 

respectively. In particular, the intersection of these subspaces is the space of 
coboundaries B 1 (iri(M);sl2(C) a ) . 

Proof Notice that the space 

ZVi(M);*l2(C) a ) = Z^ttiCM); C ) © Z^vri W;C+ © C_) 

is five dimensional and that 

BViCAOjBfeCQJ = -B 1 (7ri(M); C + © C_). 

Every cocycle z £ Z (jti(M); sl2(C) a ) can be uniquely written as z = a^do + 
a + d + + a_<i_ + b where b £ B (tti(M); C+ © C_). Combining Lemma |5,31 
Equations (j2S]) and (|27jl. the condition for the quadratic cone [zUz] ~ 
reduces to: 

ao a + = a o a - = . 

This is of course a necessary condition for integrability. In particular we deduce 
that z £ Q(p Q ) if and only if z € Z 1 (7r 1 (M); C + © C_) or z£ Z 1 (tti(M); C ) © 
B 1 (7Ti(M); C+ © C_) and the lemma follows. □ 

Proof of Theorem 11.21 By Lemma fS.ll it suffices to show that p a is contained 
in two irreducible components, one of dimension four containing irreducible 
representations and another of dimension three containing only abelian ones. 
This will show that the Zariski tangent space of each component has the right 
dimension which implies that the point of the intersection is a smooth point of 
each component. Moreover, the intersection is transverse. 

The component of dimension 4 is provided by Proposition 17.61 In fact p a is 
the adherence of the orbit of p + , thus it is contained in the same irreducible 
component. For the other component, notice that p a is contained in a subvari- 
ety of abelian representations S a (M), with dimS' Q (M) > 3 (see Lemma l4.8[) . 
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Representations in S a (M) are conjugate to diagonal representations, thus the 
tangent space to this deformation is clearly contained in the kernel of the pro- 
jection to H 1 (tti(M);C + C_), and this gives an irreducible component of 
dimension at most three. Thus p a it is a smooth point of the three-dimensional 
component S a (M) C R(M). In addition, the orbits by conjugation in this 
component must be two-dimensional and therefore all representations must be 
abelian. □ 



Example 8.2 Let M be the torus bundle given in Example 13.21 Following 
Example 14.41 we choose Aj £ C* such that Qj : tv\{M) — > C* , i = 1, . . . , 4, given 
by Oi(fi) = Aj and a «| z / 2 ez/2 = <Ti ls a s i m pl e ro °t of the Alexander invariant, 
i.e. Ai = 3 ± y/8 and Aj = 1 for i = 2,3,4. Therefore, in each case the 
representation p ai is the limit of irreducible representations. The deformation 
for p a4 was already observed in ^3 Section 4.2]. This deformation was simply 
obtained as a pullback of a component of the representation variety i?(Z/2*Z/2) 
under the surjection: 

tti(M) -» 7ri(M)/(/x = 1) ^ (a,/3|a 2 ,/3 2 ) . 

Note that p ai is 3-trivial for i = 2, 3, 4. On the other hand, p£.oi# : m(dM) — > 
PSL2(C) is parabolic but nontrivial (cf. Lemma l7.1|) and Lemma 17.51 applies. 
The results of Jl] do not apply. 



9 The variety of characters near Xa 

Let a: tt\{M) — > C* a representation such that a is a simple zero of the 
Alexander invariant. Let Xa G X(M) denote the character of p a . 

Proof of Theorem 11.31 Notice that there are at least two components of 
X(M) containing Xa, which are precisely the quotients of the components 
of R{M) containing p a . 

To study the geometry of X(M) near Xa we construct a slice as in [3]. Let 
7o € r be an element such that p Q (7o) ^ ±-f • We define the slice as: 

S = {p E R(M) | p(7o) is a diagonal matrix }. 

By EQ, 5 is a slice etale and we shall give here some of its properties: firstly, 
S is transverse to the orbit by conjugation at p a . More precisely, if for 
some neighborhood IA of p a , F: U C R{M) — > C 2 maps a representation 
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p to the non-diagonal entries of p(jo), then S n U = F 1 (0,0). The tan- 
gent map of F restricted to the coboundary space defines an isomorphism 
BViW;«fe(C)«) = C 2 . Thus 

T p z -(5)e J B 1 (vr 1 (M); S l 2 (C)J = Z 1 K(M); S [ 2 (C)J, 

and -ff 1 (7Ti(M);s(2(C) a ) can be viewed as the Zariski tangent space to S at 
p a - Secondly, the projection S — ► X(M) is surjective at least for characters x 
with x(7o) 7^ 4. It is therefore sufficient for our purpose to study the slice S 
and its quotient by the stabilizer of p a . 

Let do £ Z 1 (iti(M);Cq) and d± G Z 1 (iri(M); C±) denote the cocycles of the 
previous section. Up to adding a coboundary, we may assume that d±(7o) = 0. 
Thus the tangent space to S at p a is three dimensional and generated by do , 
d+ and d_ . The analysis of Section |H1 allows to say that S has two components 
around p a : one curve tangent to do consisting of diagonal representation and 
a surface tangent to the space generated by d + and d- , containing irreducible 
representations. Notice that since S is transverse to the boundary space, it 
intersects the orbit of p a by conjugation in a single point. 

To analyze X(M), we take the quotient of S by the stabilizer of p a , which is 
precisely the group of diagonal matrices: 

£> = {±(o A -i) |AeC*}cPSL 2 (C). 

Since the curve in S of diagonal representations commutes with D, it projects 
to a curve of abelian characters in X(M). To understand the action on the 
other component, we analyze the action on the Zariski tangent space: a matrix 
( o a- 1 ) ac * s ^ mapping d± to X ±2 d± . In other words, we must understand 
the algebraic quotient C 2 //C* where t £ C* maps E C 2 to 

The quotient C 2 //C* is the line C, where the algebra of invariant functions 
is generated by xy. Thus the quotient of the four dimensional component 
containing p a is also a smooth curve. 

To show that the intersection is transverse, notice that the Zariski tangent space 
to X(M) at X a is fl" 1 (7r 1 (M);C)efT 1 (7ri(M);C + ©C_)//C* =C 2 . The first 
factor H 1 (tti(M); C) © = C is tangent to the curve of abelian characters, 
and © F^vr^M); C+ © C_)//C* = C is tangent to the other curve, thus the 
intersection is transverse. □ 
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10 Real valued characters 

Let a: wi(M) —* C* be a representation such that a is a simple zero of the 
Alexander invariant. Moreover, we shall suppose in this section that the char- 
acter Xa ■ vti(M) — ► R is real valued. 

We recall from |13j that the character xp °f a representation p G R(M) maps 
7 G 7q(M) to Xp(7) = trace 2 (/)(7)). 

Lemma 10.1 Let T be a Enitely generated group. If x G -X^(r) is reaJ valued, 
then there exists a representation p G -R(r) with character xp = X an d such 
that the image of p is contained either in PSU(2) or in PGL 2 (M). 

Notice that PGL 2 (]R) C PGL 2 (C) = PSL 2 (C) has two components, the identity 
component is PSL 2 (IR), the other component consists of matrices with deter- 
minant — 1 (which in PSL 2 (C) are represented by matrices with entries in C 
with zero real part). 

Looking at the action of PSL 2 (C) on hyperbolic space H 3 by orientation pre- 
serving isometries, the group PGL 2 (M) is the stabilizer of a totally geodesic 
plane in H 3 , and the two components of the group are determined by whether 
their elements preserve or reverse the orientation of the plane. The group 
PSU(2) is the stabilizer of a point and it is connected (isomorphic to SO(3)). 

Proof Let F n be a free group with a surjection F n —» T. Following ^3]) we 
consider F% , the subgroup of F n generated by all squared elements 7 2 , with 
7 6 f n . This group is a normal subgroup of F n and gives the following exact 
sequence 

1 — ► F% — * F n — > Hi(F n , C 2 ) — ► 1, 
where C 2 is the cyclic group with two elements. 

Let p G R(M) be a representation with real valued character xp = X- If P 
is reducible, we may assume that it is diagonal. Therefore we have two cases, 
either p is irreducible or p is diagonal. 

The composition of p with F n —» T lifts to a representation p' : F n — > SL 2 (C). 
By Propositions 2.2 and 2.4 of the restriction of p' to F% has real trace. 
Hence, we can apply the known results about these representations. 

If the restriction p'\p2 is irreducible, then the image of p'\pi is contained in 
either SL 2 (R) or SU(2) 20, Prop. III.l.l]. Looking at the action on M 3 , this 
means that p'\p2 preserves either a totally geodesic plane or a point in H 3 . In 
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particular p'\f% has either a unique invariant circle in cffl 3 = P X (C) or a unique 
fixed point in H 3 (uniqueness follows from irreducibility) . Since F% is normal 
in F n , p'(F n ) leaves invariant the same circle or the same point, respectively. 
This proves the lemma in this case. 

If the restriction p'\ F 2 is trivial, then the image of p is abelian and finite, 
and therefore it fixes a point in H . This means that, up to conjugation, 
p{Y) C PSU(2). 

If the restriction p'\ F 2 is reducible but non-trivial, then it fixes either a single 
point or two in cffl. When it fixes two points, using normality, these points 
must be fixed or permuted by every element of p'(F n ), and therefore p is either 
diagonal or the Klein group and the lemma is shown in this case. Finally, if 
p'\fI fi xes a single point, it is also fixed by p, but this contradicts the fact that 
p is diagonal. □ 

As Xa is real valued, 0(7) + 6 I V7 6 717 (M). Thus the image of a is 
either contained in the reals R* or in the unit circle S 1 = {z £ C \ \z\ = 1} . 

Since we already know which cocycles of Z 1 (tti(M); sl2(C) a ) are integrable, 
we can easily describe the subsets of representations into these groups. We 
distinguish two cases: 

Case 1 Assume that there is 7 £ 717 (M) such that |a(7)| 7^ 1. 

In this case the image of a is contained in R* = R \ {0} but not in {±1}. 
Hence, lm(p a ) is contained in PGL^M). Since 512(C) is the complexification 
of sl2(IR), we have the corresponding isomorphism of cohomology groups: 

ff*(7ri(M);s[ 2 (C) a ) = fl-*(7ri(M);al2(R) a ) R C. 

In particular, we may assume that the cocycles d± and do are valued in R. 
Using the complexification of the second cohomology group, we realize that the 
computation of obstructions can be carried out in the real setting, thus we get: 

Proposition 10.2 Assume that the image of a is contained in R* but not 
in {±1}. Then the character \a is contained in precisely two real curves of 
characters in PGL2(M) , one of them with ahelian representations and the other 
one with irreducible ones. In addition \a is a smooth point of both curves that 
intersect transversely at \a ■ 
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When the image of a is contained in the positive reals, then the representations 
in Proposition llU.2l are contained in PSL^M) , by connectedness. The case when 
the image of a is contained in {±1}, is treated in next case. 

Case 2 Assume that the image of a is contained in S 1 = {z £ C | \z\ = 1}. 

Now lm(p a ) is contained in the intersection PSU(2) nPSU(l,l), where 



Geometrically, PSU(2) is the stabilizer of a point in hyperbolic space and 
PSU(1, 1) is the connected component of the stabilizer of the unit circle in 
C. Thus PSU(1, 1) is the connected component of the stabilizer of a plane in 
hyperbolic space, and therefore it is conjugate to PSL2(M). 

In this case, the Lie algebra s[2(C) is the complexification of both su(2) and 
su(l, 1). Thus an argument similar to the previous case will apply. Note that 
the cocycles d + and d- are not valuated in those Lie algebras. However, since 
~Pa = Pi/a we can assume that oL is the complex conjugate transpose to d + , 
thus d + — d- is valuated in su(2) and d + + d- is valuated in su(l, 1). 

The tangent directions d + — cL and d + + d- are different in the slice of the 
variety of representations, but they project to the same direction (with opposite 
sense) in the variety of characters (see the description of the quotient in the 
previous section). Notice that this gives a curve of real valued characters. In 
addition, the set of real valued characters in a smooth complex curve can be at 
most one dimensional. 

Proposition 10.3 Assume that the image of a is contained in S 1 C C* . 
Then the character \ a is contained in precisely two real curves of characters, 
one of them abelian (contained in S 1 ) and the other one with irreducible rep- 
resentations, contained in PSU(2) in one side and in PSU(1, 1) = PSL2(M) on 
the other side. In addition, \a is a smooth point of both curves that intersect 
transversely at \ a . 
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